Abstract: In this paper we formulate and prove a new discrete maximum principle (DMP) for the Poisson equation in one spatial dimension solved by means of hp finite elements of degrees at most ten. While the DMP for piecewise-linear elements is a classical result from the 1970s, no extensions to the hp-FEM have been known, except for a negative result from 1981. We explain why it is not possible to make a straightforward extension of the classical DMP to higher-order elements, and propose stronger assumptions on the right-hand side under which an extension is possible.
Introduction
Discrete maximum principles (DMP) are the numerical counterparts of the (continuous) maximum principles for elliptic and parabolic PDEs. In the 1970s, these results were used to prove the convergence of finite differences and lowest-order finite element methods (see, e.g., [3, 4] ). Nowadays the DMP still play an important role in computational PDEs by providing restrictions on the mesh and data under which the approximation of physically nonnegative quantities such as the density, temperature, concentration, or electric charge remains nonnegative. In early 1980s, Höhn and Mittelmann [7] proved that a straightforward generalization of a DMP to quadratic Lagrange elements did not hold but under unrealistic restrictions on the triangulation, and since then no new results on DMP for higher-order elements have been obtained. Also the current research on DMP deals exclusively with lowest-order elements (see, e.g., [8, 9, 10, 17, 18] ).
In the last decades, significant progress has been made in the development of the hp-FEM and its applications to challenging large-scale problems in computational science and engineering (see, e.g., [1, 2, 5, 11, 12, 13, 15] ). An increasing demand for these methods naturally implies a need for the generalization of the DMP from lowest-order to higher-order elements.
The outline of the present paper is as follows: The hp-FEM discretization of one-dimensional Poisson equation is briefly recalled in Section 2. An alternative proof of the classical DMP for piecewise-linear FEM is given in Section 3. In Section 4 we show why a straightforward extension of the standard DMP to the higher-order case is not possible. In Section 5 we formulate a reasonably weakened version of the standard DMP and prove it for finite elements of the polynomial degrees p = 2, 3, . . . , 10.
Model Problem and Its Discretization
Consider an open bounded interval Ω = (a, b) ⊂ R and the Poisson equation (Ω) is the standard Sobolev space. We can restrict ourselves to the homogenous Dirichlet boundary conditions since the case of nonhomogeneous Dirichlet boundary 1 conditions does not cause any difficulty nor does it involve special considerations, Consider a grid a = x 0 < x 1 < x 2 . . . < x M = b that subdivides Ω into M ≥ 1 finite elements K 1 , K 2 , . . . , K M . Each element K i is equipped with a polynomial degree 1 ≤ p i ≤ 10 (the polynomial degrees can vary). The elements K 1 , K 2 , . . . , K M , equipped with the polynomial degrees p 1 , p 2 , . . . , p M , form a finite element mesh T hp . The finite element space V hp ⊂ V over the mesh T hp has the form
Here the symbol P p i (K i ) stands for the space of polynomials of degree less than or equal to p i in the interval K i . The dimension of this space is dim(
The finite element problem reads: Find a function u hp ∈ V hp such that the identity
holds for every test function v hp ∈ V hp . Obviously, there exist unique solutions to both the continuous problem (1) and the discrete problem (3) (see, e.g., [12] ).
3 Classical DMP for Piecewise-Linear FEM At the beginning let us mention the piecewise-linear case (p 1 = p 2 = . . . = p M = 1). The classical DMP for the discrete problem (3) can be stated in several equivalent ways, from which we choose the following:
, and let the right-hand side f of discrete problem (3) be nonnegative a.e. in Ω. Then the solution u hp attains its minimum on the boundary ∂Ω.
Proof. The standard proof of this assertion is based on the theory of Mmatrices (for details see the fundamental book [16] or the more recent publication [6] ). Let us briefly mention an alternative proof for reference: Consider a pair of adjacent elements
, and the standard piecewise-linear "hat function" v j ∈ V hp associated with the grid point Figure 1 .
Substituting now v j for v hp into the discrete problem (3) and using the nonnegativity of both f and v j , we obtain let us denote the constant slopes of the piecewiselinear function u hp in the elements K j and K j+1 , respectively. Using the fact that the slopes of the test function v j in the elements K j and K j+1 are 1/(x j − x j−1 ) and −1/(x j+1 − x j ), respectively, from the inequality (4) we immediately obtain
hp for every internal grid point x j , 1 ≤ j ≤ M − 1. Thus, the function u hp is concave in Ω. Taking into account its zero values at Ω-endpoints, we conclude that u hp attains its minimum on the boundary of Ω.
Attempt of Straightforward Extension to hp-FEM
In this section we explain why a straightforward extension of Lemma 3.1 generally does not hold for higher-order elements. Let us begin with recalling the Lobatto shape functions [12, 13] for reference. These functions possess H 1 0 -orthogonality which plays an important role in the proof of the weakened DMP in Section 5.
The Lobatto shape functions are defined in the interval [−1, 1] by
where L 0 , L 1 , . . . are the Legendre polynomials with L k−1 L 2 = 2/(2k − 1). It follows from (5) that the functions l 2 , l 3 , . . . vanish at both x = −1 and x = 1, and that they are orthonormal in the H 1 0 (−1, 1) product,
It follows from (6) that the Lobatto shape functions are optimal for the discretization of the Laplace operator. Explicit formulae of the functions l 2 , l 3 , . . ., l 10 are mentioned in the Appendix for reference.
Example (f ≥ 0 and u hp attains its minimum in the interior of Ω)
Let Ω = (a, b) = (−1, 1),
and consider a finite element mesh T hp consisting of a single cubic element
The basis of the corresponding finite element space V hp comprises the quadratic and cubic Lobatto shape functions l 2 and l 3 , and the solution u hp has the form
By (6) the stiffness matrix is the identity matrix, and the unknown coefficients y 1 , y 2 have the form
Using the right-hand side (7), we obtain
Thus the solution u hp has the form
Since u hp is not nonnegative in Ω (see Figure 2) , the attempt for a straightforward extension of the standard DMP failed.
To understand what happened, let us introduce the
(When expressing f hp as a linear combination of basis functions of V hp and substituting into (10), one obtains a system of linear algebraic equations for the corresponding unknown coefficients.) The L 2 -projection of the right-hand side (7), is negative in a subset of Ω, as illustrated in Figure 3 . Notice that (10) implies
Therefore it does not matter whether f or f hp stands on the right-hand side of the discrete problem (3). In other words, the hp-FEM solution (9) depicted in Figure 2 corresponds to the right-hand side (11) which is not nonnegative in Ω.
Weak Discrete Maximum Principle for hp-FEM
The previous example motivates us to formulate the following theorem:
, is nonnegative in Ω. Then the hp-FEM solution u hp attains its minimum on the boundary of Ω.
Proof: First we may exclude the trivial case f hp (x) ≡ 0. By a standard result for the Laplace operator in one dimension, it is u hp (x i ) = u(x i ) for all i = 0, 1, . . . , M, where u is the exact solution. Taking into account the (continuous) maximum principle, we have u ≥ 0 in Ω and thus u hp (x i ) ≥ 0 for all i = 0, 1, . . . , M. Therefore it is sufficient to prove Theorem 5.1 for a single element K 1 = Ω = (−1, 1) and polynomial degrees p = 2, 3, . . . , 10. Let us begin with the quadratic case:
The solution to the discrete problem (3) is sought in the form
By (8) and (10),
Since l 2 < 0 in Ω, f hp ≥ 0 in Ω, and f hp ≡ 0 in Ω, necessarily y 1 < 0 and therefore, u hp > 0 in Ω.
Cubic case (p = 3):
The cubic and higher-order cases are more involved since the higher-order Lobatto shape functions l 3 , l 4 , . . . change sign in Ω. The solution u hp is sought in the form
where by (8)
It is easy to check that in the cubic case the conditions
together with the homogeneous Dirichlet boundary conditions u hp (±1) = 0, are sufficient to guarantee that the minimum of u hp in Ω is attained on the boundary. Using (14), (15) , and the formulae for the Lobatto shape functions l 2 and l 3 , condition (16) translates into
Analogously, condition (17) can be reformulated to
It is sufficient to show that for every nonnegative cubic polynomial f hp , both
For symmetry reasons (see Figure 4) we restrict ourselves to the case (f hp , g a ) L 2 only. To cover all forms that a nonnegative cubic function f hp can have, one has to distinguish between the following eighteen cases: Using a tedious calculation, we proved that the L 2 -product (f hp , g a ) L 2 is nonnegative in all these cases. Let us illustrate the procedure at least in the cases 4(a) and 4(b):
Case 4(a): It is f hp (z) = (z−c) 2 (z+d), where c ∈ R and d ≥ 1. Therefore,
, where c, d, e ≥ 1 are such that (without loss of generality) d = c + ε with ε > 0. We obtain
However, an extension of the previous analysis to higher-order elements is not obvious since (a) conditions analogous to (16) and (17) are difficult to find and (b) the corresponding discrete inequalities become very complicated. Because of this, let us introduce an alternative way of proving the quartic and higher-order cases (p ≥ 4): On the element K 1 = (−1, 1) equipped with a general polynomial degree p ≥ 4, the solution u hp is sought in the form
analogously to (14) and (15) . By (6) the relation (8) can be extended to
Putting (19) into (18), we obtain
where
Using the formulae for the Lobatto shape functions (23), it is easy to write down the polynomial kernel Φ p (x, z) for any degree 2 ≤ p ≤ 10 explicitly. Since l i+1 (±1) = 0 for all i = 1, 2, . . ., it is
where Γ = (−1, 1) 2 \ (−1, 1) 2 . The kernel Φ p , which is nothing else than the discrete Green's function of the problem, will play an important role in the proof for all p ≥ 4.
Quartic case (p = 4):
The function Φ 4 (x, z) is a fourth-degree polynomial in both x and z. Its gradient is a vector-valued cubic function. It can be verified analytically that 
Using the assumptions f hp ≥ 0 in Ω and f hp ≡ 0 in Ω, it follows that the minimum of u hp is attained on the boundary of Ω. For illustration, the function Φ 4 is depicted in Figure 5 . Now, unfortunately, the function Φ 5 (x, z) is negative in the corners of (−1, 1)
2 , as shown in Figure 6 . 
(z) ∈ P 10 (Ω). For symmetry, we can restrict ourselves to the case x ∈ [0, 1).
Clearly, F 
An example of a quadrature rule Q 10 meeting the above properties 1.-3. is given in Table 1 . Table 1 are exact, and (b) the weights were truncated for printing purposes only. In reality, for each point z 0 , z 1 , . . . , z 10 the exact value of the weight w i is obtained via the formula
where L i ∈ P 10 (−1, 1) is the elementary Lagrange interpolation polynomial,
The same applies to all quadrature rules in the following.
By the existence of this quadrature rule, we conclude that for p = 5 the minimum of u hp in Ω always is attained on the boundary.
In this case it is Φ 6 (x, z) > 0 in the entire domain Ω 2 . Therefore, as in the fourth-order case,
and we can conclude immediately that the minimum of u hp in Ω always is attained on the boundary.
The behavior of the function Φ 7 (z, x) is similar to Φ 5 (x, z), as illustrated in Figure 5 . Again, by symmetry it also is u hp (x) > 0 for all x ∈ (−1, 0], and we can conclude that the minimum of u hp in Ω always is attained on the boundary. The function Φ 9 (x, z) is similar to Φ 5 (x, z) and Φ 7 (x, z), as illustrated in Figure 9 .
The kernel Φ 9 (x, z) is positive in Ω 2 \(Ω 1 ∪Ω 2 ), where Ω 1 = (−1, −0.93)× (0.93, 1) and Ω 2 = (0.93, 1) × (−1, −0.93). It follows from the existence of an eighteenth-order quadrature rule Q 18 with positive weights and points outside of (−1, −0.93), that u hp (x) > 0 for all x ∈ [0, 1). An example of such quadrature rule is shown in Table 5 . By symmetry, it is u hp (x) > 0 for all x ∈ (−1, 0], which concludes the proof of this case.
Case p = 10: Tables 6 and 7,  respectively. By symmetry, u hp > 0 for x ∈ [0, 1) and thus the minimum of u hp in Ω always is attained on the boundary. Herewith, the proof of Theorem 5.1 is complete.
Remark 5.2. Note that the discrete Green's function Φ p was nonnegative in the entire (−1, 1) 2 for p = 2, p = 4, and p = 6. This means that on quadratic, quartic, and sextic elements even the original, strong version of the discrete maximum principle holds. 
Conclusions
In this paper we used the one-dimensional Poisson equation to demonstrate that the assumption of nonnegativity of the right-hand side f is not sufficient to guarantee discrete maximum principles for the hp-FEM. We introduced a stronger assumption that the L 2 projection f hp of the right-hand side f on the finite element space V hp be nonnegative. The proof presented in this paper was done for polynomial degrees less than or equal to ten, which is sufficient for most practical hp-FEM computations. For any polynomial degree p > 10, the proof can be extended in a straightforward fashion by locating the zero level set of the discrete Green's function Φ p and constructing a corresponding positive quadrature rule Q 2p . It remains to be explained that the software Maple was used to locate approximately the zero level sets of the discrete Green's functions Φ p . After that, rigorous proof of their nonnegativity in (−1, 1) 2 minus these areas was performed using an adaptive interval computation technique in integer arithmetics. More details on this step can be found in [14] . Generalization of this proof to higher spatial dimensions and more general elliptic operators is subject of our current research.
